In discrete systems the number density, defined as the number of particles per unit volume, is subject to fluctuations depending on the size and location of the sampling volume. Fluctuations in the local density or pair distribution function as determined from x-ray or neutron diffraction experiments, die out quickly in disordered materials but persist in crystals. Here we show that for a single atom at the origin, fluctuations persist out to very large distances and the pair distribution function does not decay, even in the case of a random system; only disappearing after ensemble averaging. Therefore, for a crystal the fluctuations in the pair distribution function persist to arbitrarily large distances. This is demonstrated here with experimental and modeling results for powdered crystalline nickel, where we find an undiminished fluctuation amplitude for the pair distribution function calculated up to distances of a micron. The characteristic separation between the peaks in the pair distribution function at large distances is determined by the thermal amplitude of vibration of a single atom and not by the interatomic spacing. Thermal broadening is included so the results obtained here are of direct experimental interest, and comparison is made to neutron diffraction data on nickel. Results are shown to be similar for crystals and for a single atom in a glass.
I. INTRODUCTION
Measurements of the density of materials have been an important characterization method since the time of Archimedes. Since the 1930s, the atomic pair distribution function ͑PDF͒ has been used to study the local density in disordered materials. 1, 2 The PDF defined as G͑r͒ =4r͓͑r͒ − 0 ͔ in three dimensions, and explained in detail below, is experimentally accessible by Fourier transforming x-ray or neutron diffraction data. 3 More recently, it has been successfully applied to the study of disorder in crystalline and nanocrystalline materials; these developments are made possible by powerful modern x-ray and neutron sources and advanced computing. 4 The technique has particular applicability for studying nanocrystals that do not have long-range order and cannot be studied using conventional crystallographic techniques. In this case, information about the size and shape of nanocrystalline domains could be extracted from the decay of the PDF with distance, if it were known that in a crystal the fluctuations in the PDF persist indefinitely out to large distances. Although it is clear that crystals have correlations extending to infinity, G͑r͒ is a three-dimensionally averaged function. As the radius r increases the average is carried out over a successively larger spherical annulus. It is not immediately obvious that fluctuations in G͑r͒ will persist to infinity, though fluctuations at large distances r are seen experimentally. 5 Here we investigate this behavior for a number of cases.
We show that these fluctuations can be calculated analytically for the PDF of a single atom in a random structure. This is similar to the experimental case of glasses and liquids where fluctuations in G͑r͒ quickly die out with increasing distance r. Interestingly we show that, even in this random case, fluctuations persist to infinity when the partial PDF of a single atom is calculated. Only after averaging the PDF over all the atoms in the sample do these fluctuations disappear. In the crystal case, we demonstrate this persistence numerically.
As an interesting perspective, we note that in the first half of the nineteenth century, the German mathematician, Carl Friedrich Gauss, put forward what has come to be known as the Gauss circle problem. 6 This involves counting the number of points N͑r͒ on a square grid with unit spacing inside a circle of radius r, as sketched in Fig. 1 , which fluctuates as points pop in and out of the circular annulus as the radius r changes. [7] [8] [9] It is difficult to measure and/or characterize extreme fluctuations, either experimentally or in a computer simulation, which makes the Gauss circle problem of lasting interest. However rms density fluctuations can be measured and are important in PDF experiments.
II. PAIR DISTRIBUTION FUNCTION
The PDF does not measure the number of atoms inside a circle or sphere, but rather the number of atoms inside a spherical annulus whose width ϳ is determined by the thermal vibrational amplitude of the atoms in the solid. This width is indicated by the fuzzy circular regions in Fig. 1 . We consider, for simplicity, the case of materials formed by atoms of a single type. We define, quite generally, the PDF for a single atom in d-dimensional space as
where G i ͑r͒ is the single-atom PDF referred as to atom i , o is the ͑uniform͒ atomic number density, and i ͑r͒ is the radial density centered about an atom at the origin. For crystals and glasses in 3d, the radial density with respect to atom i at the origin can be expressed as 10-12
where ij is the rms deviation of the distance between atoms i and j from the equilibrium value r ij due to the thermal atomic vibrations. In this paper, we concentrate on the PDF at large distances where the thermal vibrational factors become uncorrelated
This is also true in crystals and even in this case the cross terms have died out after the separation increases beyond about 15 Å. 10, 13 For all solids, including crystals, the cross terms between two sites i and j die out at some distance beyond which the thermal width can be accurately taken to be a single constant. Of course in solids with more than one atomic species there would be more thermal factors at a large distance ͑equal to the number of chemically inequivalent sites͒, but we only consider monatomic solids in this paper. This definition of the PDF is equivalent to a time average of the more common instantaneous definition where the Gaussian functions are replaced by ␦ functions. 4 The averaged radial density is obtained by averaging over all atoms in the sample
In monatomic perfect crystals with only one kind of local environment, there is no need to average over different atoms at the origin, since every atom has the same environment and hence i ͑r͒ = ͑r͒. The thermal motion of atoms located far away from one another is uncorrelated 14 so that ij = is the same for any pair of atoms more than ϳ15 Å apart. It is these larger distances that are of interest to us here.
We demonstrate that for the PDF of a solid material, the fluctuations in the annuli shown in Fig. 1 , always have the same distance ͑r͒ dependence, no matter what the statistics of the atomic structure ͑glass, crystal, etc.͒. This is because the rms fluctuations associated with the number of atoms in the annulus, scale as the square root of the surface area. Because of this, the fluctuations associated with the PDF as defined in ͑1͒ do not decay with distance, but rather persist out to arbitrarily large distances with constant amplitude and with an oscillatory structure determined the thermal length .
A. Random distribution
To understand this behavior, it is convenient to explore the case of a completely random distribution of points, shown in Fig. 1͑b͒ . This provides a model system that is exactly soluble in any dimension and that we have found to be useful in giving insights. This is similar to, but quite distinct from a glass, which has short-ranged correlations between atomic positions. In this model, the positions of all atoms are completely random, so that two atoms or points can be arbitarily close. Since the PDF oscillates around zero, we calculate the square of the PDF averaged over different random distributions of the points. Denoting this statistical averaging by ͗¯͘, we have from Eq. ͑1͒ FIG. 1. ͑Color online͒ In the upper panel a regular grid of points is enclosed by a circle, while in the lower panel there is a set of random points. To calculate the pair distribution function one point is chosen as the origin of a circle of radius r. Only those sites inside the circular annulus of width ϳ contribute to the value of PDF at a distance corresponding to the radius of the circle r.
In order to estimate ͗G i 2 ͑r͒͘ we note that the actual number of particles in the spherical annulus of radius r and thickness is given by 
This result does not depend on distance, meaning that the fluctuations in the PDF with respect to a single particular site at the origin do not decay at large distances. The exact calculation, given in the Appendix, shows that there is an additional factor 2 ͱ for all dimensions in the denominator giving
This result is instructive, as all rms fluctuations within an annulus are expected to give a similar result; with only the constant in ͑6͒ changing with the statistics, if, for example, we transfer our attention from random points as shown in Fig. 1͑b͒ to a regular grid of points, as shown in Fig. 1͑a͒ . Although the random distribution of points fluctuates all over the volume, it is only the fluctuations in an annulus of width that are relevant for the PDF. For a regular grid of points, there are only fluctuations near the surface, as the points inside the circle are not subject to fluctuations that are fixed on the grid. Hence both problems lead to the same distance dependence of the fluctuations, and ͗G i 2 ͑r͒͘ does not decay in any dimension for any statistics. Of course this is only true for solids ͑crystals, glasses, etc.͒, where each atom is constrained to vibrate about a fixed equilibrium site. In liquids the PDF associated with a single site would decay due to diffusion.
In addition, the autocorrelation function can be calculated as shown in the Appendix ͓see Eq. ͑A7͔͒ for this case, leading to the result that
so that the decay is governed by a Gaussian with width , which therefore controls the structure in the the PDF at large distances. This result is rather clear as there are only two length scales in this problem-the mean spacing between particles, determined by the average density, and -and it is apparent that the former must be irrelevant at large distances where the peaks from individual pairs of atoms come arbitrarily close and coalesce in the PDF as the distance increases. This leaves the thermal width as the relevant length parameter. The key is that if sufficient randomness is present, then the fluctuations associated with the annuli in Fig. 1 have the same r dependence and are in the same universality class. If some other shape were used, instead of a circular annulus, for example, a square annulus with the square grid of lattice points, randomness would be absent, and there would be much larger fluctuations at large distances, as whole lines of atoms could pass in and out of the square annulus. The persistence of fluctuations in the single atom PDF with an oscillatory structure about zero are general results for all geometries. We examine two other cases in Secs. II B and II C, of more physical interest.
B. Amorphous solids
The PDF can be used to extract information about the atomic geometry in solids with the peak widths being determined by thermal atomic vibrations. 11, 14 Although, to the best of our knowledge, there have been no calculations of a PDF for a solid at really large distances, it seems that there has been a belief that the amplitude of the peaks in the PDF would decay as the distance increases even for perfect crystals. Such reasoning goes as follows: since the value of i ͑r͒ is determined approximately by the number of atoms inside the spherical annulus of radius r and fixed thickness , one can expect that i ͑r͒ converges to o as the volume of the annulus increases with r and this leads to lack of any structure in the PDF at large distances. The reasoning is correct; however, the fluctuations fall off in ͓͑r͒ − o ͔ as 1 / r and therefore persist in G͑r͒ϳr͓͑r͒ − o ͔. This was demonstrated in the previous section for the random distribution and is generally true for all solids, glasses, crystals, etc.
The PDF calculated with respect to a single atom in amorphous Si using i ͑r͒ as in ͑2͒ is shown in panel ͑a͒ of Fig. 2 . Panels ͑b͒ and ͑c͒ show PDFs corresponding to ͑r͒ that were obtained by averaging i ͑r͒ over 10 and 20 000 different atoms, respectively. This PDF is calculated for a model structure 17, 18 of amorphous silicon with thermal widths cor-
͑Color online͒ The calculated PDF for a 100 000 atom model ͑Ref. 16͒ of amorphous silicon with a mean Si-Si nearestneighbor distance of 2.4 Å and with a thermal width that approaches = 0.1 Å at larger distances. The panels show a single atom at the origin ͑a͒, averaged over 10 atoms at the origin ͑b͒, and averaged over 20 000 atoms at the origin ͑c͒.
responding to room temperature. Figure 2 clearly shows that the increase of the volume of the annulus of width with r does not lead to the decay of the PDF, rather it is the averaging over the atom at the origin that leads to such decay. As all atoms are equivalent in a simple monatomic crystal, there is no averaging and hence no decay in the fluctuations that persist as seen in Fig. 3 for the computed PDF in crystalline nickel.
When a single atom is at the origin, the fluctuations persist out to large distances. When an average is performed over a sufficient number of atoms at the origin, as shown in Fig. 2 , then the amplitude of peaks quickly decays as the distance increases. This averaging occurs naturally in x-ray and neutron diffraction experiments, so that the behavior shown in the bottom panel of Fig. 2 is ubiquitous in all amorphous and glassy materials. 19 Thus, traditionally there has been an interest in the behavior of PDF at small distances, while the behavior at large distances is rarely discussed.
C. Crystals
It can clearly be seen that the PDF, calculated for crystalline nickel at room temperature ͑Fig. 3͒, does not decay at large distances. The experimental results for crystalline nickel match the computed results well up to 20 Å and even to 50 Å, but do eventually decay as seen in the second panel of Fig. 3 . This is due to instrumental resolution and is not an intrinsic feature. With improved experimental techniques it should be possible to see structure in crystalline materials up to 100 Å and eventually even further. The calculation was done with a nearest-neighbor model with harmonic springs connecting nearest-neighbor atoms. This has been shown to be a very good model for the phonons in crystalline nickel. 10, 20 The widths of the peaks ij are computed as a summation over all phonon frequencies for the temperature of 15 K where the experiment was done. Because these widths involve an integral over phonon frequencies, any deficiencies in the model do not sensitively affect the result. As the distance increases, the widths ij settle down to at around 20 Å and remain constant in the large r regime that is of interest to us. The widths are shown in Fig. 4 . These calculated widths reproduce the experimental data in the top panel of Fig. 1 out to 20 Å.
There are two features that the three models studied here have in common: ͑i͒ self-similarity of the fluctuations at different distances, ͑ii͒ the distance scale being set by the thermal width . The bottom three panels in Fig. 3 for crystalline Ni show results that are statistically self-similar, so that these three panels over ranges of 20 Å are indistinguishable. The scaled PDF for the random distribution model is shown in Fig. 5 for various values of the nearest-neighbor distance ͑determined by the density 0 ͒ and the thermal width . It can be seen that the distance length scale is set by the thermal width .
We emphasize that the PDF with respect to a particular atom cannot be measured by any presently available technique. In any experimental measurement, the averaging that places all atoms at the origin is automatically performed. However, even for perfect crystals, the experimental PDF obtained from the diffracted scattering intensity will eventually decay at large distances due to the finite instrumental resolution, as shown in the second panel of Fig. 3 . Nevertheless it is interesting to examine the effects that can be ex- 4 . The calculated dependence of the thermal width , which is the mean deviation of the distance between pairs of atoms from their equilibrium value. Calculations were made using a central force model for Ni ͑Ref. 13͒ and are used as input to compute the PDF in Fig. 2 pected at large distances in the PDF as improved diffraction data becomes available. Not only will accurate data out to large momentum transfers in reciprocal space be required, but also techniques to include corrections for the instrument resolution will need to be refined.
III. SUMMARY
The pair distribution function only decays at large distances if different atoms have distinct atomic environments. Therefore for perfect crystals the pair distribution function does not decay and can persist to arbitarily large distances. In reality the instrumental resolution function causes decay. 14 Analyzing the decay of the PDF at large distances could be used to investigate the size and dimensionality of nanocrystals and strained regions.
dimensions. The PDF function, defined quite generally with respect to atom i at the origin, is defined in d-dimensional space as ͓see Eq. ͑1͔͒
The origin of exponent of the prefactor r will be clear from the following. Let assume that space is divided into very small boxes. 
, as each box is chosen to be so small that it can contain only zero or one particle. Here we use a bar to denote an ensemble average, which is equivalent to the averaging over distances. In the following, while calculating i ͑r͒ , G i ͑r͒, and G i 2 ͑r͒ with respect to a particular site we will drop the index i to simplify the notation. Thus for the given distribution of sites the radial density with respect to a particular site can be written as:
with
For small the contribution to the integral comes only from the region r i Х r. Thus ͑r͒ = o as expected. Further
where, Finally from ͑A3͒, we conclude that
͑A4͒
where the angular brackets now denote averaging over a suitably large distance ͑very much greater than the thermal width ͒, which is equivalent to an ensemble average for the random point geometry considered here. The autocorrelation function ͗G͑r͒G͑r + ⌬͒͘ can be calculated in a similar way by generalizing Eq. ͑A5͒ by completing the square in the integrand leading to the interesting result ͗G i ͑r͒G i ͑r + ⌬͒͘ = ͗G i 2 ͑r͒͘exp͓− ͑⌬/2͒ 2 ͔ ͑A7͒
as given in Eq. ͑7͒. This result shows that the decay in the autocorrelation function is controlled by the thermal width .
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